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THE ONLY COMPLEX 4-NET IS THE HESSE
CONFIGURATION
ALP BASSA AND ALI˙ ULAS¸ O¨ZGU¨R KI˙S¸I˙SEL
Abstract. It has been conjectured that the only nets realizable in CP2
are 3-nets and the Hesse configuration (up to isomorphism). We prove
this conjecture.
1. Introduction
Nets are certain line arrangements in the projective plane, which naturally
occur in the study of resonance varieties, homology of Milnor fibers and
fundamental groups of curve complements [15, 10, 7, 1]. We will work over
the field of complex numbers, hence all arrangements in question will be in
CP
2. In this setting, one of the equivalent definitions of a net is as follows:
Let m ≥ 3, d ≥ 2 be integers. An (m,d)-net is a pencil of algebraic curves
of degree d in CP2 with a base locus of exactly d2 points, which degenerates
m times totally into a union of d lines. In this paper we determine all pairs
(m,d) for which an (m,d)-net exists: The only possible values for the pair
(m,d) are (3, d) where d ≥ 2 can take any value, and (4, 3).
The problem of determination of all possible values of (m,d) was first
posed as an open problem by Yuzvinsky in [23], where the restriction m ≤ 5
was proven and examples of (3, d)-nets for any d ≥ 2 were given. In [19],
Stipins proved that m ≤ 4. These two results were strengthened respec-
tively in [17] and [24] by taking into consideration the possibility of multiple
components in the degenerate fibers. The existence of a (4, 3)-net, the Hesse
configuration, was classically known. Furthermore, it can be proven in sev-
eral ways that the only (4, 3)-net up to projective equivalence is the Hesse
configuration, for instance see [19, 13]. Partial results for small values of d,
more specifically the impossibility of a (4, d)-net for 4 ≤ d ≤ 6, were also
obtained [9]. However, the case (4, d) with d ≥ 7 remained open and such
nets were conjectured not to exist [23, 24, 25, 8, 9, 6, 21, 22, 7]. Our results
confirm this conjecture.
The method that we follow is an adaptation of an idea that dates back to
Hirzebruch [14]: Assuming the existence of an arrangement, to construct an
algebraic surface which is a multiple cover of CP2 with a certain branching
structure along this arrangement, more precisely a multicyclic cover, and
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then to use tools from the geography of algebraic surfaces to show the im-
possibility of its existence. In [14], Hirzebruch used this idea for a general
complex line arrangement, and except certain special configurations that
he analyzed separately, his construction produces an algebraic surface of
general type and the Bogomolov–Miyaoka–Yau inequality then imposes a
restriction on the combinatorial possibilities for the line arrangement. This
restriction does not rule out (4, d)-nets, therefore cannot directly be used.
However, Yuzvinsky’s proof in [23] that m ≤ 5, although not expressed in
those terms, can be interpreted as the positivity of the Euler characteristic
of a similar multiple cover of the projective plane blown-up at the base lo-
cus of the net. Other variants of the multiple cover construction were also
successfully used in [20, 21, 22] and [18] both for the classification of 3-nets
and for resolving important open problems about the geography of surfaces.
Inspired by these results, we investigate the signature of an algebraic surface
constructed from a multiple cover of the projective plane blown-up at the
base locus of the net and discover that one has to obtain a surface with pos-
itive signature precisely in the known and conjecturally impossible values of
m and d. Then, we compute the signature in a second way and show that
it must be negative, which provides the desired contradiction.
2. Nets and pencils of plane curves
Definition 1. Suppose d ≥ 3 and m ≥ 3. An (m,d)-net in CP2 is a
collection of m disjoint sets of lines A1, . . . ,Am and a collection X of points
such that
• for every x ∈ X and for any i there exists unique line in Ai contain-
ing x,
• for any i 6= j the intersection of any line in Ai and any line in Aj
belongs to X
It can be easily shown that |X | = d2 and also |Ai| = d for each i.
Proposition 2. Given an (m,d)-net as above, let f and g be degree d forms
vanishing precisely on the lines of A1 and on the lines of A2 respectively.
Then the pencil {µf +λg = 0}, where [µ : λ] ∈ P1, contains at least m fibers
which degenerate totally into lines, and the base locus of this pencil is X .
Proof. It is clear that X is contained in the base locus. By the definition
of a net, {f = 0} and {g = 0} intersect transversally, therefore by Bezout’s
theorem the intersection contains d2 points, so it must be exactly X . Let fi
be the degree d form cutting out the union of lines in Ai (so, f1 = f and
f2 = g). The claim that {fi = 0} is an element of the pencil {µf + λg = 0}
follows from Noether’s AF+BG theorem. 
Let us consider the line arrangement obtained by taking the union of all
lines in all Ai’s. Then, this is an arrangement of md lines, each of which
contains precisely d points from X .
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Let S be the surface obtained by blowing up CP2 at all points of X . There
is a naturally defined fibration
λ : S → CP1
p ∈ {µf + λg = 0} 7→ [µ : λ]
Proposition 2 above implies that λ has at least m totally degenerate fibers,
each corresponding to the union of lines in one of the Ai’s. Say that these
fibers, each of which contain d lines, are over q1, q2, . . . , qm ∈ CP
1.
Let E1, . . . , Ed2 be the exceptional fibers of the blow-up. Each Ei inter-
sects precisely one line in λ−1(qj) for each j. Let us define the divisor D on
S by the formula
D =
m∑
j=1
λ−1(qj).
3. Computation of the basic invariants
Let L̂ be one of the lines that appears as a summand in D, and let
ϕ : S → CP2 denote the blow-up map at d2 points of X . Then L̂ is the
strict transform of a line ℓ̂ in CP2. The total transform of ℓ̂ will be of the
form
ϕ∗(ℓ̂) = L̂+ Ei1 + · · ·+ Eid
for some distinct i1, . . . , id ∈ {1, 2, . . . , d
2}.
3.1. Intersection numbers.
Proposition 3. (a) For any fiber F of λ, we have F 2 = 0. In particular,
we have
(
λ−1(qi)
)2
= 0 for i = 1, 2, . . . ,m.
(b) L̂2 = 1− d.
Proof. (a) is clear. For (b), note that ℓ̂2 = 1, E2i = −1. Therefore,
1 = ℓ̂2 =
(
ϕ∗(ℓ̂)
)2
= (L̂+ Ei1 + · · ·+ Eid)
2
= L̂2 + E2i1 + · · ·+ E
2
id
+ 2 L̂ · Ei1︸ ︷︷ ︸
1
+ . . .+ 2 L̂ · Eid︸ ︷︷ ︸
1
+
∑
2Eij · Eik︸ ︷︷ ︸
0
= L̂2 − d+ 2d = L̂2 + d,
from which the claim follows. 
3.2. Canonical Class. It is well known that K
CP
2 = −3[ℓ] for a line ℓ ⊆
CP
2. The canonical class of the blow up S then equals
(1) KS = ϕ
∗K
CP
2 +
d2∑
i=1
Ei = −3ϕ
∗([ℓ]) +
d2∑
i=1
Ei
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3.3. Chern numbers. Recall that c2(S) = e(S). Let c2 = 〈c2(S), [S]〉
where [S] denotes the fundamental class of S. Therefore c2 = χ(S). Since
each blow-up increases the Euler characteristic by 1, and χ(CP2) = 3, we
get
(2) c2 = 3 + d
2.
Note that c1(S) = −KS . Let c
2
1 denote 〈c
2
1(S), [S]〉. Then c
2
1 = K
2
S . So
c21 =
(
−3ϕ∗([ℓ]) +
d2∑
i=1
Ei
)2
Choosing ℓ so that it does not contain any points from X , and letting L =
ϕ−1(ℓ), we obtain
c21 =
(
−3L+
d2∑
i=1
Ei
)2
= 9L2 +
d2∑
i=1
E2i = 9− d
2
(here we used Ei · L = 0, Ei ·Ej = 0 for i 6= j, L
2 = 1). So we have
(3) c21 = 9− d
2.
4. An algebraic surface associated to the (m,d)-net
We closely follow Hirzebruch [14]. For a more detailed account see [5]. The
fibered surface λ : S → CP1 has m special fibers λ−1(qj), j = 1, . . . ,m, each
fiber λ−1(qj) consisting of d distinct curves given as the strict transforms of
the lines in Aj. We will denote this arrangement of curves on S by W . The
arrangement W consists of md rational curves. A point p ∈ S which lies on
rp > 2 (respectively rp ≥ 2) curves of the arrangement W will be called a
singular (respectively multiple) intersection point. The set of these points
will be denoted by singW (respectively multW ). The number of points
p ∈W with rp = r will be denoted by tr. Note that we do this counting on
the surface S, after we have blown-up CP2 in the d2 points of X and hence
removed the m-fold intersection points among lines from distinct sets Ai.
We denote
(4) f0 :=
∑
r≥2
tr, f1 :=
∑
r≥2
r · tr.
Hence the number of singular intersection points is given by
#singW =
∑
r≥3
tr = f0 − t2.
As we have removed all intersections among lines from distinct sets Ai,
all intersections occur among the d curves within each of the Ai in the m
corresponding fibers. Counting pairs of curves in two different ways we
obtain
m ·
(
d
2
)
=
∑
r≥2
tr ·
(
r
2
)
.
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In particular
(5)
∑
r≥2
r2 · tr = md(d− 1) + f1.
We construct a multi-cyclic cover X of S and its desingularization Y .
Let π : X → S be the multi-cyclic Kummer cover of S with Galois group
(Z/nZ)md of degree nmd branched over W with multiplicity n, i.e. the cover
associated to the divisor nD. The cover X is n-fold ramified over each of
the md lines in D (see [5, p.54] and [11]).
If the point p ∈ S lies on r := rp curves of the arrangement, then π
−1(p)
consists of nmd−r points, each ramified with ramification index nr over p.
The singular points singX of X will be precisely the points in π−1(p) for
singular intersection points p ∈ singW (see [14, Sec. 2.1]).
Let τ : Sˆ → S denote the blow-up of the surface S at the singular inter-
section points. As we blow up in the singular points, the strict transform of
W will only have simple crossings. We will denote the strict transform of the
arrangement W by Wˆ . Curves intersecting at singular intersection points
will be pulled apart and the intersection point is replaced by a rational ex-
ceptional line intersecting each of the strict transforms of the intersecting
curves in a simple double point. Denote the exceptional curve introduced
by blowing up the singular point p by Fp. Note that we introduce a total of
#singW = f0 − t2 such exceptional curves. Each of these blow-ups replaces
a point p ∈ S by a rational curve Fp, hence increases the Euler characteristic
by 1. Denoting the Euler characteristic by e(·), we have
e(Sˆ) = e(S) + f0 − t2 = 3 + d
2 + f0 − t2.
We also blow-up the multi-cyclic cover X of S at the singular points
π−1(p), for all singular intersection points p ofW . This amounts to replacing
the singular point by the projectivized tangent cone at the given point, which
in this case corresponds to the complete intersection of rp − 2 generalized
Fermat hypersurfaces of degree n in Prp−1, as explained in [5]. We obtain a
non-singular surface Y . Denote by ρ : Y → X the blow-up map. We have a
natural map πˆ : Y → Sˆ of degree nmd and a commutative diagram
Y
ρ
//
pˆi

X
pi

Sˆ
τ
// S
Next we compute the Euler characteristic and the self-intersection on the
surface Y of the curves Cr replacing a singular point on X, lying over an
r-fold point p of S.
The curve Cr is an n
r−1 sheeted cover of Fp ⊂ Sˆ. The r intersection
points of Fp with strict transforms of the r lines through p are ramified with
ramification index n. We obtain 2g(Cr)−2 = n
r−1(−2)+r ·(nr−1/n)·(n−1),
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and hence
e(Cr) = 2n
r−1 − r · (nr−1 − nr−2).
For an exceptional curve Fp in Sˆ corresponding to an r-fold point p ∈ S
the divisor πˆ∗(Fp) of Y consists of n
md−r disjoint copies of Cr, each with
multiplicity n. So we obtain
πˆ∗(Fp) · πˆ
∗(Fp) = n
md(Fp · Fp) = −n
md.
On the other hand we have
πˆ∗(Fp) · πˆ
∗(Fp) =
( ∑
q∈pi−1(p)
nCr
)
·
( ∑
q∈pi−1(p)
nCr
)
= n2nmd−r(Cr · Cr).
So
(Cr · Cr) = −n
r−2.
We can now calculate e(Y ). As π : X → S is a degree nmd map with
ramification index n over points lying on exactly one curve of W , and n2
over the t2 double intersection points we obtain
e(X − singX) = nmd · e(S −W ) + nmd−1 · e(W −multW ) + nmd−2 · t2,
where
e(S −W ) = e(S)− e(W ) = (3 + d2)− (md · 2−
∑
r≥2
tr(r − 1))
and
e(W −multW ) = md · 2−
∑
r≥2
tr · r.
The blow-up ρ : Y → X replaces for r ≥ 3 the nmd−r singular points over
each of the tr r-fold intersection points by the curve Cr. Hence we obtain
e(Y ) = e(X − singX) +
∑
r≥3
nmd−rtre(Cr)
= nmd−2
[
n2 ·
(
3 + d2 − 2md+ f1 − f0
)
+ 2n ·
(
md− f1 + f0
)
+ f1 − t2
]
.
Next we compute KY and the characteristic number c
2
1(Y ) = K
2
Y . We
have
KS = −3ϕ
∗([ℓ]) +
d2∑
i=1
Ei
and
K
Sˆ
= τ∗KS +
∑
p∈singW
Fp
Denoting the divisor associated to the strict transform of the arrangement
again by Wˆ , considering the ramification behavior described above we have
KY = πˆ
∗
(
K
Sˆ
+
n− 1
n
(
∑
p∈singW
Fp + Wˆ )
)
,
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and hence
K2Y = n
md ·
(
K
Sˆ
+
n− 1
n
(
∑
p∈singW
Fp + Wˆ )
)2
= nmd ·
(
−3τ∗ϕ∗([ℓ]) +
d2∑
i=1
τ∗Ei +
∑
p∈singW
Fp +
n− 1
n
(
∑
p∈singW
Fp + Wˆ )
)2
Now
Wˆ = τ∗ϕ∗M −m
d2∑
i=1
τ∗Ei −
∑
p∈singW
rpFp,
where M is the (m,d)-net we started with. Moreover τ∗Ei · Fp = 0, Ei ·
ϕ∗M = 0. So we obtain
K2Y =n
md ·
((
τ∗ϕ∗(−3[ℓ] +M)
)2
+
(
(1−m
n− 1
n
)
d2∑
i=1
τ∗Ei
)2
+
( ∑
p∈singW
(1 +
n− 1
n
(1− rp))Fp
)2)
=nmd ·
((
−3 +md
n− 1
n
)2
−
(
1−m
n− 1
n
)2
d2 −
∑
r≥3
tr
(
1 +
n− 1
n
(1− r)
)2)
.
Using the expressions for e(Y ) and K2Y we are in the position to calculate
the signature σ(Y ). Simplifying using (4) and (5) we obtain
σ(Y ) =
1
3
(
c21(Y )− 2c2(Y )
)
=
1
3
[
nmd
(
(m− 3)d2 −md+ 3 + f1 − 2f0
)
+ nmd−1
(
−2f0
)
+ nmd−2
(
−md2 +md− f0 − f1 + 3t2
)
.
]
In particular we have
Theorem 4.
σ(Y ) =
1
3
nmd
(
(m− 3)d2 −md+ 3 + f1 − 2f0
)
+O(nmd−1).
Note that f1 − 2f0 ≥ 0 by definition. So we obtain
Corollary 5.
σ(Y )/nmd ≥
m− 3
3
d2 −
m
3
d+ 1 + o(1).
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5. Consequences
Recall that we have assumed m ≥ 3 and d ≥ 3. Let us analyze the
possibilities for the signature, depending on the values of m.
m = 3: σ(Y )/nmd = −d+ 1 +
1
3
∑
r≥3
(r − 2)tr + o(1). In this case the sig-
nature can take negative values, if d is large compared to the number of
non-ordinary points.
m = 4: As a direct consequence of Corollary 5, we get
σ(Y )/nmd ≥
(d− 3)(d − 1)
3
+
1
3
∑
r≥3
(r − 2)tr + o(1).
If d > 3, then σ(Y ) > 0 for n large enough. If d = 3 then again σ(Y ) > 0
for n large enough, unless tr = 0 for all r ≥ 3, in which case σ(Y ) can be
non-positive. Note that there is a (4, 3)-net, namely the Hesse configuration.
After blowing up CP2 at that d2 = 9 points of X , the resulting arrangement
of curves on S has t2 = 12 and tr = 0 for r ≥ 3, hence this is a situation
where non-positive signature is possible.
m ≥ 5: Again, Corollary 5 gives
σ(Y )/nmd ≥
1
3
(
(m− 3)d − 3
)
(d− 1) + o(1).
So for n large enough σ(Y ) > 0.
6. A second way of calculating the signature
In this section we will calculate the signature of Y by using a different
method.
Let Ui be a sufficiently small open disk in CP
1 centered at qi. Let T =
ϕ−1(CP 1\ ∪ Ui) and Tˆ = τ
−1(T ). Notice that Tˆ and T are homeomorphic
since the blow-ups involved in the map τ only affect the fibers of ϕ over
q1, . . . , qm. Recall that the relative signature σ(T, ∂T ) can be defined in a
way similar to the case of a closed manifold, see [12, 16].
Lemma 6. The classes of any d−1 of the d lines in ϕ−1(qi) form a basis for
H2(ϕ
−1(Ui), ∂(ϕ
−1(Ui))). The relative signature σ(ϕ
−1(Ui), ∂(ϕ
−1(Ui))) =
1− d.
Proof. Clearly H2(ϕ
−1(Ui), ∂(ϕ
−1(Ui))) is generated by any d − 1 of the d
lines in ϕ−1(qi), since ϕ
−1(Ui) can be retracted to ϕ
−1(qi) and ϕ
−1(qi) itself
is homologous to a fiber of ϕ lying on the boundary of ϕ−1(Ui). To show
linear independence and the claim about the signature, it is enough to show
that their intersection matrix is negative definite. This however is clear as
the self-intersection number of any of these lines is 1−d and the intersection
number of any two distinct lines is 1. 
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By Novikov additivity
σ(Tˆ , ∂Tˆ ) = σ(T, ∂T ) = σ(S)−m · (1− d)
= (1− d2)−m · (1− d) = −d2 +md− (m− 1)
= (1− d)(1−m+ d).
Then
(6) σ(Tˆ , ∂Tˆ ) < 0 for d > m− 1.
Notice that πˆ : πˆ−1(Tˆ ) → Tˆ is unramified of degree nmd. In general the
signature of a manifold with boundary is not multiplicative under unramified
covers. The discrepancy can be calculated using the η invariant appearing
in the Atiyah–Patodi–Singer Index Theorem [3, 2]. By the APS theorem we
have
σ(Tˆ , ∂Tˆ )−
∫
Tˆ
p1(Tˆ ) = η(∂Tˆ ),
where p1(Tˆ ) denotes the first Pontryagin class of Tˆ . By using the same
theorem for πˆ−1(Tˆ ) we obtain
σ(πˆ−1(Tˆ ), ∂(πˆ−1(Tˆ ))) −
∫
pˆi−1(Tˆ )
p1(πˆ
−1(Tˆ )) = η(∂(πˆ−1(Tˆ ))).
Since the integral of the Pontryagin class is obviously multiplicative under
the unramified cover, we obtain
(7) σ(πˆ−1(Tˆ ), ∂(πˆ−1(Tˆ )))− nmdσ(Tˆ , ∂Tˆ ) = η(∂(πˆ−1(Tˆ )))− nmdη(∂Tˆ ).
A nice feature of this formula is that the right hand side only depends only
on the boundary 3-manifold. We will now construct a new 4-manifold with
boundary Z, cobordant to Tˆ . Then, by making a direct computation on Z,
we will show that the right hand side of (7) is zero in this case.
Recall that U1, . . . Um in CP
1 are small enough disjoint disks around
q1, . . . , qm, with boundaries K1, . . . ,Km, each homeomorphic to a circle.
Without loss of generality we may assume that ϕ is a fiber bundle over
each Ki with fibers homeomorphic to an oriented genus g surface Σg, where
g = (d − 1)(d − 2)/2. Now let Z be the 4-manifold obtained by replacing
each fiber Σg with a handlebody Ng with g handles (this can be done since
the orientations of each of the fibers are consistent along the boundary cir-
cles Ki). Denote the fibration from the total space Z to the disjoint union
K1∪K2∪· · ·∪Km of m circles by ϕ˜. It is clear that Z and Tˆ are cobordant.
Lemma 7. H2(Z, ∂Z,Z) = 0.
Proof. We will omit the coefficient ring Z from the notation throughout
the proof. It is enough to show that H2(ϕ˜
−1(Ki), ϕ
−1(Ki)) = 0 for i ∈
{1, . . . ,m}. Say I and J are both homeomorphic to open intervals and
I ∪ J = Ki. Let us use the Mayer–Vietoris sequence for the relative pairs
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(ϕ˜−1(I), ϕ−1(I)) and (ϕ˜−1(J), ϕ−1(J)). Since each of these pairs can be
deformation retracted to (Ng,Σg), we have
H2(ϕ˜
−1(I), ϕ−1(I)) = H2(ϕ˜
−1(J), ϕ−1(J)) = H2(Ng,Σg) = 0.
Similarly, the relative pair (ϕ˜−1(I) ∩ ϕ˜−1(J), ϕ−1(I) ∩ ϕ−1(J)) is a disjoint
union of two pairs each of which deformation retracts to (Ng,Σg), therefore
H1(ϕ˜
−1(I) ∩ ϕ˜−1(J), ϕ−1(I) ∩ ϕ−1(J)) = H1(Ng,Σg)⊕H1(Ng,Σg) = 0.
The claim now follows directly from the exactness of the following part of
the relative Mayer–Vietoris sequence:
H2(ϕ˜
−1(I), ϕ−1(I))⊕H2(ϕ˜
−1(J), ϕ−1(J))→ H2(ϕ˜
−1(Ki), ϕ
−1(Ki))
→ H1(ϕ˜
−1(I) ∩ ϕ˜−1(J), ϕ−1(I) ∩ ϕ−1(J)).

Corollary 8.
σ(πˆ−1(Tˆ ), ∂(πˆ−1(Tˆ ))) = nmdσ(Tˆ , ∂Tˆ ),
in particular σ(πˆ−1(Tˆ ), ∂(πˆ−1(Tˆ ))) ≤ −nmd for d > m− 1.
Proof. Let α : S1 → S1 be the nd-fold covering map and let us denote by Z˜
the n(m−1)d disjoint copies of the pullback of Z under α. Z˜ is an nmd-fold
unramified covering of Z. We have
σ(πˆ−1(Tˆ ), ∂(πˆ−1(Tˆ )))− nmdσ(Tˆ , ∂Tˆ ) = η(∂(πˆ−1(Tˆ )))− nmdη(∂Tˆ )
= η(∂(Z˜))− nmdη(∂Z)
= σ(Z˜, ∂(Z˜))− nmdσ(Z, ∂Z) = 0
The last equality is a direct consequence of Lemma 7. By Inequality 6, we
have σ(Tˆ , ∂Tˆ ) < 0. Since σ(Tˆ , ∂Tˆ ) is an integer, we obtain
σ(πˆ−1(Tˆ ), ∂(πˆ−1(Tˆ ))) ≤ −nmd.

Theorem 9. σ(Y ) < 0 for d > m− 1.
Proof. Let q be one of the qi and R = τ
−1
(
ϕ−1(Ui)
)
and Rˆ = πˆ−1
(
R
)
. The
map πˆ ramifies over d lines in R and (m− 1)d other lines outside R. Each
cyclic covering of degree n ramified over a line inside R leaves the covering
connected, whereas a corresponding covering ramified over a line outside R
gives rise to n disjoint homeomorphic copies. Therefore Rˆ consists of n(m−1)d
homeomorphic copies of a manifold with boundaryM . As we will be glueing
these n(m−1)d copies to Tˆ in order to obtain Y , by Novikov additivity and
Corollary 8 it is enough to show that σ(M,∂M) ≤ 1.
As in the proof of Lemma 6, by the contractibility of M to the central
fiber, H2(M,∂M) can be generated by divisor classes. Now by using the
Hodge Index Theorem for the nonsingular surface Y , we deduce that there
can be at most 1 positive class among these. Therefore σ(M,∂M) ≤ 1. 
THE ONLY COMPLEX 4-NET IS THE HESSE CONFIGURATION 11
Remark 10. It appears that in fact σ(M,∂M) is negative and of order nd,
which could in principle be proven by carefully inspecting the intersection
form. However the simple estimate above suffices for our purposes.
7. Implications for the Existence of Nets
Theorem 11. Let m ≥ 4. If d ≥ m an (m,d)-net cannot be realized in
CP
2. In particular there is no (4, d)-net for d ≥ 4.
Proof. Suppose an (m,d)-net exists with m ≥ 4 and d ≥ m. By the con-
struction in Section 4 there exists a surface Y , whose signature is positive
by the consequences in Section 5. However by Theorem 9 its signature is
negative, which is a contradiction. 
As a consequence we obtain the following complete solution to the exis-
tence problem of (m,d)-nets.
Theorem 12. Let m ≥ 3, d ≥ 3.
i) For m = 3 and any value of d there exists a (m,d)-net.
ii) For m = 4 an (m,d)-net exists if and only if d = 3. Furthermore,
any (4, 3)-net is isomorphic to the Hesse configuration.
iii) For m ≥ 5 there exists no (m,d)-net for any value of d.
Proof. i) The Fermat arrangement of degree d provides an example for a
(3, d)-net. For further details or other possibilities of (3, d)-nets see [19, 21,
22].
ii) The nonexistence of (4, d)-nets for d ≥ 4 follows directly from Theo-
rem 11. The uniqueness for d = 3 has been proven in several places, see for
instance [19]. For a tropical proof of the uniqueness see [13].
iii) If an (m,d)-net exists, then deleting one family of lines gives rise to a
(m− 1, d)-net. Therefore by ii) an (m,d)-net does not exist for m ≥ 4 and
d ≥ 4. To finish the proof it suffices to show that a (5, 3)-net does not exist.
However this follows immediately from the uniqueness of the (4, 3)-net up
to projective equivalence. 
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